. 4
AD-A118 048
UNCLASSIFIED

GEORGE WASHINGTON UNIV WASHINGTON DC PROGRAM IN LOGISTICS F/G 12/1
CLASSICAL AND BAYESIAN APPROACHES TO THE CHANGE=-POINT PROBLEM: ==ETC(U)
MAY 82 S ZACKS NO0014~75=-C~0725

SERIAL=T=465 NL




804¢

Im 1.0 1= B
— 2z [J32

=L
”m 1] =2

Il

lis s

I

N
O

P

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS 1963 A




THE

GEORGE
WASHINGTON
UNIVERSITY

AD A118048

STUDENTS FACULTY STUDY R 1
ESEARCH DEVELOPMENT FUT.

URE CAREER CREATIVITY CC
MMUNITY LEADERSHI

NOLOGY FRONTIg

SCHOOL OF ENGINEERING
AND APPLIED SCIENCE




CLASSICAL AND BAYESIAN APPROACHES TO THE CHANGE-POINT PROBLEM:
FIXED SAMPLE AND SEQUENTIAL PROCEDURES’

by

S. Zacks

Serial T-465
15 May 1982

The George Washington University
School of Engineering and Applied Science
Institute for Management Science and Engineering

Program in Logistics
Contract N0OOl4-75-C-0725

Sy prey
SUNY-Binghamton - E §‘_‘;
Contract NOO014-81-K-0407 ~ATLECTE

Office of Naval Research ' ‘\h AUG 11 1982

o
A

This document has been approved for public
sale and release; its distribution is unlimited.

g~




UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Dete Entered)
REPORT DOCUMENTATION PAGE PP, Rt R
. A -] NUM 2. GOVT ACCESSION NOJ 3. IICIFIINY'Q CATALOG NUMBER ‘
T-465

4. TITLR (and Subtitle)

CLASSICAL AND BAYSIAN APPROACHES TO. THE CHBANGE-

. TYPZ OF REPOAT & PEMOO COVERED

POINT PROBLEM: FIXED SAMPLE AND SEQUENTIAL SCIENTIFIC
Pmcms 8. PERFORMING ORG. REPORT NUMBER
T-465 :
(7. AUTHOR(s) T. CONTRACY OR GRANT NUMBER(S) |
NOOO14-75-C-0729
REpEAErS NOOO14-81-K-0407

9. PERFORMING ORGANIZATION NAME ANO AODORESS
THE GEORGE WASHINGTON UNIVERSITY
PROGRAM IN LOGISTICS
WASHINGTON, DC 20052

10, PROGRAM ELEMENT. PROJECT, TASK
AREA & WORK UNIT NUMBERS

11. CONTROLLING OFFICE NAME AND ADORESS

13. REPORT DATE

OFFICE OF NAVAL RESEARCH 15 May 1982

CODE 411 5. NUMBER OF PAGES

ARLINGTON, VIRGINIA 22217 44
Wmncv NAME & AOORESS(I{ difierent frem Centroiling Otftee) | 18. SECURITY CLASS. (of thie repert)

i g;g MQmAEWEnEiAENE
HEDULE

APPROVED FOR PUBLIC SALE AND RELEASE; DISTRIBUTION UNLIMITED.

]
-

. DISTRIBUTION STATEMENT (of this Report)

3

. OISTRIBUTION STATEMENT (of the abetract eniered in Bleek 20, it ditiecrent frem Repert)

S. SUPPLEMENTARY NOTES

19. KEY WOROS (Continue on reverse side if necessary and identily by bleeck number) i

CHANGE POINT, BAYSIAN SEQUENTIAL DETECTION, SURVEY PAPER

20. ABSTRACT (Centinue en reverse olde If

y and i fy by beeck number)

The change-point problem can be described in the following tcrl;:s.
Consider a sequence of independent random variables xl.xz,... and a

sequence of positive-integer valued parameters 251:1<'rz<'r3<... The points
(continued)

DD , 3% 1473

ZOITION OF 1 NOV 83 18 OBSOLETE
S/N 0102-014° 6601 |

SECURITY CLASSIFICATION OF ¥Nll [ 13 m Deta :t..d)

’ - AP
e eastensacia it e




W. L

UNCLASSIFIED
L LURTY CLASSIFICATION OF THIS PAGE(When Dete Entered)

20. Abstract (continued)

rj (3=1,2,...) are epochs of change in the distribution laws of the ran-
dom variables; i.e., Xisenes -1 have an identical distribution

F.;X_,...X have an 1dentiéal distribution F, , etc. The distribu-
1 T 12-1 2

tions Fl,Fz,... may be known or partially known, but the points of

change, Tj » are unknown. The problem is to estimate the unknown para-

meters Tj or to test hypotheses concerning these points of change.

! This class of problems is a very broad one. It embraces essentially all
problems which test the stationmarity of a sequence of random variables
versus the possibility of abrupt changes in the location, scale or shape
of the distributions. Thus, all problems of statistical control fall

in this domain. In the literature there are various formulations of the
problem and different approaches. There are static or dymamic formula-
tions of the problem; with a possibility of only one point-of-change or
many points of change. The sampling procedures are either fixed sample
or sequential sampling. The inference framework is either classical or
Bayesian. The present paper reviews the various formulations and
approaches and provides an extensive bibliography.

. it g oo oA
Accensi n For
KT1S CRAR! L)
Te NG -

®
Wnaanounss 2
Jurtificatiy .-

= - S

i",’ r——— I SO

Distributisn/
Availabii’ty {adcs
Avatl ah<jor
Dist Specianl

.1

poTIC

Ccory
INSPECTED

UNCLASSIFIED
SECURITY CLASSIPICATION OF THIS PAGE(When Date Entered)

| R




THE GEORGE WASHINGTON UNIVERSITY
School of Engineering and Applied Science
Institute for Management Science and Engineering

Program in Logistics

Abstract
of
Serial T-465
15 May 1982

CLASSICAL AND BAYESIAN APPROACHES TO THE CHANGE-POINT PROBLEM:
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by

S. Zacks

The change-point problem can be described in the following terms.
Consider a sequence of independent random variables Xl,Xz,... and a

sequence of positive-integer valued parameters 2§11<12<t3<... The points

Tj (j=1,2,...) are epochs of change in the distribution laws of the ran-

dom variables; i.e., Xl,...,XT i have an identical distribution
1
have an identical distribution FZ’ etc. The distribu-

F Were el X,
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tions Fl,FZ,... may be known or partially known, but the points of
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change, 1, , are unknown. The problem is to estimate the unknown para-

3

meters Tj or to test hypotheses concerning these points of change. This

class of problems is a very broad one. It embraces essentially all prob-
lems which test the stationarity of a sequence of random variables versus
the possibility of abrupt changes in the location, scale or shape of the
distributions. Thus, all problems of statistical control fall in this
domain. In the literature there are various formulations of the problem
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and different approaches. There are static or dynamic formulations of
the problem; with a possibility of only one point-of-change or many
points of change. The sampling procedures are either fixed sample or
sequential sampling. The inference framework is either classical or
Bayesian. The present paper reviews the various formulations and
approaches and provides an extensive bibliography.
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1. Introduction

The change-point problem can be considered one of the central problems of
| statistical inference, linking together statistical control theory, theory of
estimation and testing hypotheses, classical and Bayesian approaches, fixed
sample and sequential procedures. It is very often the case that observations
are taken sequentially over time, or can be intrinsically ordered in some other
| fashion. The basic question is, therefore, whether the observations r:present
independent and identically disbtibuted random variables, or whether at least
one change in the distribution law has taken place.

This is the fundamental problem in the statistical control theory, testing
the stationarity of stochastic processes, estimation of the current position of
a time~series, etc. Accordingly, a survey of all the major developments in

statistical theory and methodology connected with the very general outlook of

the change~-point problem, would require review of the field of.statistical
quality control, the switching regression problems, inventory and queueing
control, etc. The present review paper is therefore focused on methods developed
during the last two decades for the estimation of the current position of the
mean function of a sequence of random variables (or of a stochastic process);
testing the null hypothesis of no change among given n observations, against
the alternative of at most one change; the estimation of the location of the

| change-point(s) and some sequential detection procedures. ‘The present paper
is composed accordingly of five major sections. Section 2 is devoted to the
problem of estimating the current position of a sequence of random variables,
specifically discussing the problem with respect to possible changes of the

means of independent normally distributed random variables. We review the

studies on this problem of Barnard [6], Chernoff and Zacks [14], Mustafi [45]

e . - i >
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and others. Section 3 is devoted to the testing problem in a fixed sample. More
specifically, we consider a sample of n independent random variables. The null
hypothesis is H : Fl(x) = ,,, = Fn(x) » against the alternative,

Hl: Fl(x) = ,,, = FT(x) s F o (x) = ... = Fn(x) , where 1=1,2,...,n-1 designates

1+l
a possible unknown change point. The studies of Chernoff and Zacks [14], Kander
and Zacks [36], Gardner [21], Bhattacharya and Johnson [9], Sen and Srivastava [57]
and others are discussed. These studies develop test statistics in parametric and
non-parametric, classical and Bayesian frameworks. Section 4 presents Bayesian

and maximum likelihood estimation of the location of the shift points. The Bayesian
approach is based on modeling the prior distribution of the unknown parameters,
adopting a loss function and deriving the estimator which minimizes the posterior
risk. This approach is demonstrated with an example of a shift in the mean of a
normal sequence. The estimators obtained are generally non-linear complicated
functions of the random variables. From the Bayesian point of view these estimators
are optimal. If we ask, however, classical questions concerniﬁg the asymptotic
behavior of such estimators, or their sampling distributions under repetitive
sampling, the analytical problems become very difficult and untractable. The
classical efficiency of such estimators is often estimated in some special cases

by extensive simulations. The maximum likclihood estimation of the location
parameter of the change point is an attractive alternative to the Bayes estimators.
Hinkley [26-30] investigated the asymptotic behavior of these estimators. The
derivation of the asymptotic distributions of these estimators is very complicated.
We present in Section 4 Hinkley's approach for the determination of the sampling
distributions of the maximum likelihood estimators. Section 5 is devoted to

sequential detection procedures. We present the basic Bayesian and classical

ad
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results in this area. The studies of Shiryaev [60,61], Bather [7,8], Lorden [43]
and Zacks and Barzily [69] are discussed with some details. The study of Lo;den L43]
is especially significant in proving that -Page's CUSUM procedures [47-49] are
asymptotically minimax.

The important area of switching regressions have not been reviewed here in any
details. The relevance of the switching regression studies to the change-point
problem is obvious. Regression relationship may change at unknown epochs (change
points), resulting in different regression regimes that should be detected and
identified. The reader is referred to the important studies of Quandt [51,52],
Inaelman and Arsenal [35], Ferreira [19], Maronna and Yohai [44] and others.

An annotated bibliography on the change-point problem was published recently
by Shaban [59]. The reader can find there additional references to the seventy-one

references given in the last section of the present paper.

2. Estimating the Current Position of a Process

G. Barnard, in his celebrated 1959 paper [6] on control charts and stochastic
processes, suggested to consider the problem of estimating the current position of
a process as a tool of statistical control. The problem of estimating the current
mean of a process requires modeling of the possible change mechanism of the mean
function. In the context of statistical control problems the mean, as function

of time, is generally assumed to commence at an initial point, known or

UO’

unknown, and then change abruptly at unknown epochs, TyoTooees
Let xl’XZ""’Xn be a sequence of random variables. We denote by ui(i-l,...,n)

a location parameter of the distribution of X If the random variables are normally

i
distributed then Hy is the expected value (mean) of Xi s
Generally, neither the change points Tl,TZ,... nor the size of changes are

known, and the problem of estimating Mo o after observing xl’XZ""xn , might

A

have no better solution than the trivial estimator un=Xn, unless the phenomenon

T SRR
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studied allows proper modeling. In the present paper we discuss the models adopted
by Barnard [6] and by Chernoff and Zacks [14], and the estimators of the current
position which they derived from these models. The related study of Mustafi [45]
is also presented. As will be shown, time-series procedures of exponential

smoothing are strongly related to linear unbiased estimator studied in [{6] and [14].

2.1 Barnard's Estimator of My

Consider the given sequence of observations in a reversed time manner, i.e.,
| xn’xn-l’xn-Z"" Barnard adopted the basic assumption that the corresponding
random variables are independent and normally distributed, with the same known

variance (oi-l) . Suppose that the observations are taken at regular time intervals

of 1 unit. Barnard's model assumes that the epochs of change TyoToysees follow a

Poisson process with intensity A (per time unit). At each of the random change
| epochs TysToseee the size of the shift in the mean is a random variable, § ,

following a normal distribution, N(O,oz) . Moreover, §

1,62,... are mutually
independent, and the sequence {8} is independent of {1} . Thus, if Jl’JZ""
designate the number of change epochs between, Xn and xn—l’xn- and X then

1 n-2 ’
Jl’JZ"" is a sequence of i.i.d. (independent and identically distributed) random

variables having a Poisson distribution, P(A) . The model is Xn =u, + En

i
(2 Booq Bl F IR

= o 1=l sn=ll
n-1 k=1

1

2

J
i
where Si = Z Gj and El,...,En are i.i.d. N(0,1) . Assuming that A and o
j:l

are known, Barnard provided the general form of the minimum mean square error

(MSE) linear estimator of Moo and
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that of its (formal) Bayes estimator (which is actually called by Barnard "the
mean-likelihood estimator'"). It is shown that the minimum MSE linear estimator,

is the exponential smooting estimator

-~

(2.2) B = B Xn + A M1 .

The (formal) Bayes estimator of un is of the form

' -
a 1n an Xn
(2.3) W, = § "qn’}_(n) —T‘__i—l—
n LN .n N

where 1n is an n-dimensional vector of 1's; jn =

-~

(375+++»3,_7) 1is a particular

-~

realization of Jl,...,Jn_l; X = (Xn,X

- SEEERET SPH "(!n|¥n) its posterior

probability, and Vn the covariance matrix of xn corresponding to a given

realization jn o

2.2 Chernoff and Zacks' Model and BLUE of B

Chernoff and Zacks assumed a model different from that of Barmard, although

there are general similarities. According to their model, if uy o= E{Xi} then

(2.4) My = Mo + Ji 61 ,i=1,...,n-1

where Ji is a random variable assuming the value 1 if there is a shift in the
mean between the ith and (i+l)st observations, and the value 0 otherwise.

2
Furthermore, 61""’6n-1 are i.i.d. N(0,07), Jl,...,Jn_1 are i.1.d.,

P[Ji=1] =p (4=1,...,n) . Let i o (Jl""’Jn-l) and E = (61,...,6n_1) .

Chernoff and Zacks showed that the minimum variance linear unbiased estimator

(BLUE) of vy is

n-1
Xt loex
(2.5) u = 1ol
n n-1 1
1+ ) &g
i+l
252

e
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where
(vi_l-l)/vi_l. Y _z(vn_l-l) s ¥m2, . omel
(2.6) Ei =
1/\)1\)2-..\)n z(vn-l-l) p i=1
and
2
2+0p , 1f k=1
(2-7) \)k =
2+02p-v;_1 , 1f k=2,...,n-1

In the following table we illustrate some of these weights:

Table 2.1. Weights for the BLUE

02=1 , P=.1
\:\i 1 2 3 4 5

2 .909 1.000

3 .763 .840 1.000

4 .606 .666 .793 1.000

5 464 .510 .735 .745 1.000 f
]

Notice that when p02=0 then Ei=1 for all i=1,...,n-1 . In this case unégﬁ a

R

is the common sample mean. On the other hand, when p02 + o then the weights Ei
2, -(n-1)

diminish to zero in a geometric rate, i.e. £i=0 (ps”) .,

Accordingly, as n 1increases, the weight given to observations at the beginning &

of the sequence is close to zero. In particular, if p02 is large, it is sufficient

to base the estimator only on the last m observations. Mustafi [45] investigated

the characteristics of such estimators based on the last block of m observations.

.,

o SEERSESN R it il i i A e e e " —— it ]
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Moreover, Mustafi showedthat, if the value of c-p02 is unknown, it can be estimated

consistently by

) 6Si-2$§
(2.8) c = 2 3 5
s<-2s
=<y
where
n-1
2 1 2
§T === ] (XX, ..) .
1 ETE 0 PNRS e
(2.9)
1 n-2
2 2
52" o2 121 (X;=2X141+%442)

Let Yom denote the UMVU estimator of LI based on the last m observations
b4
c

in which ¢ 1s replaced by its estimate . According to Mustafi's procedure,

the first n-m observations are used to estimate c¢ by (2.9), and the estimator

~ -~

¢ of c¢ 1is substituted in (2.6)-(2.7) to obtain the corresponding weights Ei e
b4
Notice that the estimator obtained in this manner is not BLUE anymore. Furthermore,

c¢ might be negative (with positive probability). In such a case, is

Ei,m

replaced by its positive part EI i max(O,Ei m) . Mustafi established that
b4

(1) E{un,m} i , for each n,m
& 2

(ii) V{“n,m} <1+ oc"p(m-1) 5

and

(i1i1) ii: V{un,m} = v{um} .

-~

where um 28 the BLUE estimator based on the last m observations, with known ¢ .

2.3 Chernoff-Zacks Bayes Estimators of un

Assuming that ny has a prior normal distribution N(O,rz) » we obtain that

the posterior distribution of L given %n and Jn-(Jl,...,Jn_l) is normal,

-




G =

; T=465
with mean
e |
-1
- 1 1)
(2.10) p(J) = "‘.‘¥ )
n'~n 1 -1 J) 1
~n ; *n’ ~n
and variance
1
(2.11) viJ } = 7
~“n -2 -1
% +;n¥ @Y
where x (gn) =1 + 02 ATIRAT(Y and
™ T
Jl JZ 000o Jn—l :
(2.12) JZ\”' Jn—l :
e 0 \\ Ig
N
_____ S
L ,Q' |0 .

Let pn(j) be a prior probability function of in . The posterior probability

function of J , given X , is then
~n ~n

p_(n(x 10,I"(3)

(2.13) p.(JIX ) = * ’
BT p@nx 10,17 @)
s ]);
* { '
where # Q) = ¥(j) + Tzlnin , and n(xnIO,Z) is the multivariate normal p.d.f.
at Xh , with mean vector 0 and covariance matrix X . Finally, the Bayes
estimator of u is
(B) _ .
(2.14) M Pp (31X ) u (2) .
{3}
g2
h iL i T e i - Ao i » & sk incin i - it -

A |
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This estimator is obviously non-linear, due to the non-~linear structure of the
posterior probabilities. The structure of the Bayes estimator (2.14) is the same
as that of Barnard's mean-likelihood estimator (2.3). The problem with these
estimators is in their degree of complexity. The sample space of gn consists

of 271

different points and it is a very difficult matter to choose a proper
prior distribution. Even if we ascribe, a~priori, each of these Zn-l points
equal probabilities, we have to make a significantly large number of calculations
to determine usB) . In many problems of interest it is unreasonable to assume
that the mean is likely to shift between any two observations. If it is reasonable
to assume that the number of possible shifts among a relatively small number of
observations is at most one, the computations will be significantly simplified.

The Bayes estimator based on the assumption of at most one change (AMOC) is

presented in the next section.

2.4 The AMOC-Bayes Estimator of Mo

According to the AMOC model we assume that among the given n observations

there is at most one change. Let 1 be an integer valued parameter assuming
the values 0,1,...,n-1 . If =1 , the first t random variables have the same
mean un+6 and the last n~t random variables have the mean Moo If =0
there was no shift in the mean among the n observations. Let =(t) be the
prior probability of {t=t} . The conditional Bayes estimator, for a given value
of t , is

= —k

nX + o2 t(n-t) X .

(2.15) un(t) = 3 , t=0,...,n~-1,
n + ¢° t(n-t)

= 1 E =% 1 E
where X = — X and X - e X o
noioy i n-t n-t Jut+l 3
= g ==
it R it s i il il L o s it i D el . i i incs

.
R —
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.

Furthermore, the posterior probability of {t=t} , given fn , is

L tan? @X )2
r(t)exp(5. r
2 n2 + ozt(n-t)n
(2.16) m(tiX) = ’
e (n+ot (n-t)) ! D
where
2.2 2 = =k 2
n-1 03" (m-3)" (X -X__.)
(2.17) D= I T e —— 3 oy
=0 (mto"j(n-3)) n” + 0° j(n-4)n

The Bayes estimator of un in the AMOC model is accordingly
- n-1

(2.18) by = L T4 w@

2.4.1. Adaptive AMOC-Bayes Estimation

The AMOC procedure can be applied on the last m observations sequentially,
starting with m=2 and increasing it until a strong indication emerges fhat a
) shift has taken place. The procedure is then stopped and Ho is estimated
according to (2.18) on the basis of the last m observations. This process is
summarized in algorithm:
Step 0. Set m=2 .

Step 1. Set Yl-xn-m+1""’

Yo=%x. .
m n
Step 2. Compute w(tlzm) , t=0,...,m=1 .

If 7(0}Y) = max w(j|Y.)
~ 0sjsm~1 -

go to Step 3; else go to Step 4 .
Step 3. Set m+ m+l and go to Step 1.
*
Step 4. Let k = least j = 1,m-1 such that

m(j1Y ) = max w(tlYm) ’
O<tsm-1 o

*
Step 5. Apply estimator (2.18) on the last m-k observations.

= 10 =
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The following numerical example illustrates the adaptive estimation process

according to the above algorithm. Consider the following n=9 observations on

independent, normally distributed r.v.'s:": X1 = 2,613, X2 = 1,661, X3 = 1,814,
Xa = 1,274, XS = 2.616, X6 = -_,326, X7 = -2.422, X8 = -,119, X9 = -,034 .
Assume that 02-3 and the prior distribution is
m-1
7 (0) = (1-p)
nm(t) = p(l-p)m—t-1 , t=1,...,m=1 5

with p=.2 . The posterior probabilities of the change points, given the last

m observations, are given in the following table.

Table 2.2. Posterior Probabilities of the Shift Locations

nt 0 1 2 3 4

2 .9298 .0702

3 .6804 .0722 L2474

2 .7844 .0660 .0954 .0542

5 .1765 .0107 .0088 .0890 .7149

According to these posterior probabilities there is a strong indication that a

shift took place between the fifth and the sixth observation. The AMOC Bayes

estimator based on the last four observations is = -,6301 . ]

H9,4
Experience with the application of this method on various data sets shows that it

could be too sensitive as an estimator of the location of the shift points. Farley

and Hinich [18] showed in a series of simulations that the above procedure leads to
a high proportion of indication of change when there are none (false alarms). This

problem can, however, be overcome by proper choice of the parameters p and 02 .

= 1=
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) 02 should be at least 3 or 4 times the variance of the random variables Eys-cesEy *
As an estimator of the current position the above procedure performs very well.
This was also reported by Farley and Hinich in [18]. We provide here some numerical
comparisons of the characteristics of the UMVU, AMOC-Bayes and the Adaptive AMOC-
Bayes estimators of Mo s based on some simulation experiments. These results are
taken from Chernoff and Zacks [14]. In these experiments 100 replicas of samples
i of size n=9 were simulated from normal distributions, with means uy and variance 1.
In all cases u9=0 . We compare the means and MSE, over the 100 replicas, of the
following estimators:
;1: UMVU with 02-3, P=.2

IPY AMOC-Bayes, 02'3, p=.2
U3:

The models of shifts in the means are:

Adaptive AMOC-Bayes, 02-3, p=.2 o

Model I: A random change between every two observations, i.e. My~ N(0,2)

(1=1,...,8)

, 8
Model II: u, =o" ] J n

H]
k=1 k

Jl,JZ,... are 1.1.d. Bernoulli, with p=.1, o=2

NpsNps--- are i.1.d. N(0,1)

Model III: No change.

The simulation estimates are:

= 2l =

SR =4
-—1—_ e e e s et i s i bt it i & T TP R e 1;.‘_.1;-_-—‘_,.__..1
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Table 2.3. Simulation Characteristics of Three Estimators

Esti@ates

Model ¥y uz u3 :
I -.2718 -.1866 -.0827 Mean F
2.1406 3.3140 1.0235 MSE 1
I1 .0847 .0539 .0525 Mean |

.4560 .4337 L4135 MSE

III1 .0255 .0027 -.0122 Mean
.3078 .6112 .2679 MSE

The above results indicate that the Adaptive AMOC-Bayes estimator is performing
as well or better than the UMVU or the AMOC-Bayes, especially when the actual

process of shifts in the means is different from the one assumed in the model.

3. Testing Hypotheses Concerning Change Points

The problem of testing hypotheses concerning the existence of shift poin*s 3
was posed by Chernoff and Zacks [14] in the following form.
Let Xl,...,Xn be a sequence of independent random variables having normal

distributions N(ei,l) s i=1,...,n . The hypothesis of no shift in the means,

versus the alternative of one shift in a positive direction is

%:61=...-6n'60

e

vs

H: 6. =.,,,.=90 =
T

D U SN s

eo H er+1 = ... 0
where 1t=1,...,n-1 1is an unknown index of the shift point, 6 > 0 1is unknown
and the initial mean eo may or may not be known.

Chernoff and Zacks showed in [14] that a Bayes test of Ho versus Hl 5
§ values close to zero, is given by the test statistic

= Al —
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I .
n-31_
I @t =, , if 8. 1is known
i 0
i=1
(3.1) Tn =
n-1 _
121 (1+1) (X;-X) , 1f 8, is unknown,

where i; is the overage of all the n observations. It is interesting to see
that this test statistic weighs the current observations (those with index close
to n) more than the initial ones. However, the weight is linear rather than
geometric (as in the estimation of the current position). Since the above test
statisti; is a linear function of normal random variables Tn is normally
distributed and it is easy to obtain the critical value for a size a test

and the power function. These functions are given in the paper of Chernoff and
Zacks [14] with some numerical illustrationms.

The above results of Chernoff and Zacks were later generalized by Kander and
Zacks [36] to the case of the one-parameter exponential family, in which the
density functions are expressed, in the natural parameter form as

f(x;8) = h(x) exp {aU(x) + y(8)} (see Zacks [70; pp. 95]). Again, Kander and
Zacks established that the Bayes test of Ho , for small values of 6 when 8o

is known, 18 of the form (3.1), where X, are replaced by U(Xi) (i=1,...,n).

i
The exact determination of the critical levels might fequire a numerical approach,
since the exact distribution of Tn is not normal, if U(Xi) are not normal.
Kander and Zacks showed how the critical levels and the power functions can be
determined exactly, in the binomial and the negative-exponential cases. If the
samples are large, the null distribution of Tn converges to a normal one,

according to the Lapunov version of the Central Limit Theorem (see Fisz [20; pp. 202]).

Kander and Zacks [36] provided numerical comparisons of the exact and asymptotic power
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functions of Tn , in the binomial and the negative-exponential cases.

It is often the case that the sample size is not sufficiently large for the normal
approximation to yield results close to the true ones. For this reason, Kander
and Zacks tried to approximate the exact distribution of Tn by the Edgeworth

expansion

(3.2) P T e - 22 0Pz + 2 @

3l

+ (107i’n/6!) (%) (2) ,

where Fn(Z) is the exact distribution of the standardized test statistic

Zn = (Tn-E{Tn})/(Var {Tn})% ; $(Z) 1is the standard normal c.d.f.; ¢(“)(z) is

3/2

the v-th derivative of ¢(Z) and Yiq = ¥3 n/(u2 n) 3
» ;] L]

’ Y2,n = u4,n/u2,n_

where uj 5 is the j-th central moment of Tn o
]

It was shown that when the samples are not large (n=10) the Edgeworth expansion

of the c.d.f. of Zn , under the alternative hypothesis provides power

Hl 5
function approximation better than those of the normal approximation. Hsu [34]
utilized the above test for testing whether a shift occurred in the variance
of a normal distribution.

Gardner [21] considered the testing problem of Ho versus Hl for the
normally distributed random variables, but with §#0 unknown. He showed that

the Bayes test statistics, with prior probabilities 1, , t=1,2,...,n-1 , is

t
a2
(3.3) 2 m C 2 (Xyyy - X)I
J=t
n-1 &40
tgl 1, (-0) &_ - %) ,
- 15 -
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— ——
where xn-t is the mean of the last n-t observations and Xn is the mean of

all n observations. Gardner investigated the exact and the asymptotic distribu-

tions of Qn » under the null hypothesis 'HO and under the alternative H for

1 »
the case of equal prior probabilities. Scaling Qn , 80 that its expected value

will be 1 for each n , by the transformation Yn = (6n/(n2-l))Qn , N=2.3 ...,

we obtain that, under HO , Yn is distributed like

n-1

z A U2 , where U_.,...,U are i.i.d. standard normal r.v.'s and
k=1 k 'k 1 n-1

(3.4) A, = -———EEE—- [22' (km/2 )]-2 : k=1 -1
, K=" 5 Liq cos n , s eee, N .
7 (n"-1)k

Thus, as n + » , the asymptotic distribution of Yn , under HO , 1s like that of

(3.5) y=-St ] Lo :
T k=1 k .

The distribution of ¥ is that of the asymptotic distribution of Smirnov's
statistic wi , normalized to have mean 1 . Smirnov's statistic compares the
empirical c.d.f. of a sample of continuous random variables to a particular
distribution, Fo(x) . More specifically, if X(l) € ... < X(n) -is the order
statistic, corresponding to n 1i.i.d. random variables, and if Fn(x) is the
corresponding empirical c.d.f., i.e.,

n
Fn(x) = jzl I{X(j) < x < x(j+l)} i , Smirnov's statistic is

(3.6) wz-—1—+6rfrp(x )-p()+L-]2
' n 2 j 0@ T Y T T
- 16 -
—_— PSPPI i i BSIR T NVCT— Simr et el s mmest gy -‘-...-—-J
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Gardner refers the reader to Table VIII of VonMises [66] for the critical values

of Yn , for large n . Critical values cn(a) , for a=,10,.05 and .01 and
various values of n , can be obtained from Figure 1 of Gardner's paper.

Gardner showed also that, under Ho , the p.d.f. of Yn is

n-1 n-1 i
2 -2,.- -1 -1
n 1+t ay ) 3 cos (ty-% z tan = ta, )dt . H

1
(3.7) f (y) =—y
“ m k=1 k=1

o

2 I
where T e cos2 (kn/2n) , k=1,...,n-1 . The integration of f (y)
% 3 n

for the determination of its (l-a)th fractile, cn(a) » requires special numerical
techniques. The power function of the test was determined by Gardner in some
special cases by simulation.

Sen and Srivastava [56] discussed the statistic

n-1 n-1

1 2
6.9 e
I~ =t %
= ] (m-1)° X)) c 1
n2 i=] et 4

for testing HO versus H. with 6=0 , when the initial mean, Ho » is known.

1
They showed that the asymptotic distribution of Un , under Ho ,» has the c.d.f.

(3.9) F(Z) = =4 B (_1):l _Il;."_:'iL 1-29 (ﬂj_)) .
T 3=0 ) 2Z
= 317 =
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In addition, they derived the c.d.f. of Un for finite values of n , and provided
a table in which these distributions are presented for n=10,20,50 and
(asymptotic).

In addition, Sen and Srivastava proposed test statistics which are based on the
likelihood ratio test. More specifically, for testing Ho versus H. , with

1
§ >0, when Yo is unknown, the likelihood function, when the shift is at a

point t , is

t n
1 - .2 —* 2
(3.10) L_(X)=———cexp {-%[ X,-X )" + (X,-x__ )71} .
t ~n (2“)n/2 121 it i-tz:+1 i "n-t

It can be easily shown that the likelihood ratio test statistic is then

(3.11) A= swp &K/ Ly
1<st<n-1

Power comparisons of the Chernoff and Zacks Bayesian statistic Tn and the
likelihood ratio statistic An are given for some values of n and point of
shift Tt . These power comparisons are based on simulations, which indicate
that the Chernoff-Zacks Bayesian statistic 1s generally more powerful than the
Sen-Srivastava likelihood ratio statistic when T ~ n/2 . On the other hand,
when 1 1is close to 1 or to n , the likelihood ratio test statistic is more
powerful.

Bhattacharyya and Johnson [9] approached the testing problem in a non-
parametric fashion. It is assumed that the random variables xl,xz,...,x are

independent and have continuous distributions Fi(i-l,...,n) . Two types of

=18 =
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problems are discussed. One in which the initial distribution, Fy o is known and
is symmetric around the origin. The other one is that in which the initial
distribution is unknown and not necessarily symmetric. The hypotheses corresponding
to the shift problem when Fo is known is Ho: Fo = ,.. = Fn , for some specified

Fy in FO = {F:F continuous and symmetric about 0} .

versus
le Fo = Fl = ,,. = FT > FT+1 = Fn , some Fo € FO .
t is an unknown shift parameter. FT > Fr+1 indicates that the random variables

after the point of shift are stochastically greater than the ones before it.

For the case of known initial distribution Fo(x) , the test is constructed with
respect to a translation alternative of the form Fr+1(x) = Fo(x-A) , where

A > 0 1is an unknown parameter. The problem is invariant with respect to the
group of all transformations x; = g(xi) , 1=1,...,n , where g(x) 1is continuous,
odd and strictly increasing. The maximal invariant statistic is (Rl""Rn) and
(Jl,...Jn) , where Ri = .rank of 'Xi' (i=1,...,n) , and Ji =0 1if sgn(Xi) = -] ,
Ji =1 if sgn(Xi) =1.

The average power of a test is thus

n
) = ) q,¥(a14-1) ,
i=1
where (A|t) 1is the power at A , when the shift occurs after t observations,
9;5---54 are given probability weights (qi 2 0, Zqi-l) . Bhattacharyya and

Johnson proved that, under some general smoothness conditions on the p.d.f.

fo(x) , the form of the invariant test statistic, maximizing the derivative of J

the average power y(A) at A=0 , is

=9 =




(3.12)
n .y
T =V q sen x) E-f, vRDye w®i)y) ,
T | 0 0
where V(l) S ooo S V(n) is an ordered statistic of n 1.i.d. random variables

n
having a distribution Fo(x) , and Qi = Z qj . More specific formulae for the
=1

cases of double-exponential, logistics and normal distributions are given. The

null hypothesis Ho is rejected for large values of Tn . It is further proven
n

that, any test of the form T = Z Qi sgn (Xi) U(Ri) s, where U 1s a strictly
i=1

increasing function, is unbiased. Moreover, if the system of weights

{qn i;1=l,...,n} satisfies the condition
bl

n
(3.13) Iy —— ] Qfl’i = e , 0<b’<w ,

n-+ o i=1
1
2 2 &
then, the distribution of Tn/(nb ( J ¢v°(u) dn)) , as m» , converges to the
0

standard distribution, where

-1 -1
(3.14) v = £y (Fh Gs(ar) /£y (Fph Gs(er1)))

Similar analysis is done for the case of unknown initial distribution Fo 5
this case the test statistic is a function of the maximal invariant (Sl""’sn) L

which are the ranks of (Xl,...,Xn) . The test statistic in this case is of the

general form

n '
(3.15) T = ] o, E-f vy /ewC)) .
i=1

= 20 =
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In the normal case, for example, with equal weights for t=2,...,n and weight
n
*
0 for t=1 , the test statistic 4s T =~ ) (i-1)S, .
n 1=1 i

*
Notice the similarity in structure between the statistic '1‘n and that of Chernoff

and Zacks, '1‘n . The difference is that the actual values of X, are replaced by

i

their ranks, Si 5

Hawkins [23] also considered the normal case, with two sided hypothesis, both

60 and § unkhown. Like Sen and Srivastava, he considered the test statistic

U = max ITkl , where
m 1sksn-1
n e =
(3.16) Tk = W izl (Xi-xn) , k=1,...,n-1 o
The statistics Tl""’Tn-l are normally distributed, having a correlation
function

‘ m(n-k)
(3.17) : p(Tm,Tk) = -m , msk

Hawkins provides recursive formulae for the exact determination of the distribution
of U . Conservative testing can be made by applying the Banferroni inequality

P{ max [T

| > ¢} s (n-1) P{ITll > ¢}
1sksn-1

k

= 2(n-1) ¢ (-c) 2

Hence, a conservative a level test of H, can be based on the critical level

0
zl—a/(Zn—Z) , Where ZY is the y-fractile of the standard normal distribution.

=21 =
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A numerical example is given to compare the exact and the Banferroni approximation
to the critical values of the test statistic Un . In an attempt to understand
the asymptotic properties of Un » Hawkins considered the behavior of the maximum
of a Gaussian process having the same covariance structure as that of Tl’TZ""
The asymptotic results are still not satisfactory.

Pettitt [50] discussed non-parametric tests different from those of
t n

Bhattacharyya and Johnson. He defined for each t=1,...,n , Ut i Z z sgn(xi-xj)
»

i=]1 j=t+1
and studied the properties of the test statistic

(3.18)

Kn = max IUt nl .
1sts<n ’

The distribution of Kn was studied for Bernoulli random variables.

4. Estimating the Location of the Shift Point

Two types of estimators of the location of the shift point, T , appear in
the literature: Bayesian and maximum likelihood. El-Sayyad [17], Smith [62],
Broemeling [11], Zacks [70; pp. 311] and others, give the general Bayesian
framework for inference concerning the location of the shift point, v , in an
AMOC model.

Hinkley [28] studied the maximum likelihood estimator. We start with an

example concerning the Bayesian estimation and proceed then to present Hinkley's

results.

4.1 Bayesian Estimation of the Change Point

The Bayesian procedure is to derive the posterior distribution of the change
point 1t , and determine the estimator which minimizes the posterior risk, for a

specified loss function.

- 22 -
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If the loss function for estimating Tt by =t 1is L(;,T) = I;-Tl , then
the Bayes estimator of the change point is the median of the posterior distribution
1,...,Xn are independent random
variables having normal distributions N(ei,l) , where

of 1, given Xn . For example, suppose-that X

81 = L. = GT = 80 s 6 = ... = en = 80 + 6 s

with 80 known (80=0 say). Furtherfore, assume that the prior distribution of
§ 1is normal, N(O,oz) » independently of T , and Tt has prior probabilities
n(t) = P{t=t} , t=1,...,n . Here {t=n} indicates the event of no change.

The posterior probabilities of 1t for this model are

g (f::_t) 2(n-t) %07
1 20+m-t)0?)

L L —* 2 7 2
J 1G) (1+(a-1)0?) exp{ ® 7 @D }
- 2 (1+(n-1)02)

(L) (1+(n-t)02) Zexp

4.1) n(e xn) =

3

IR I

n
-
where X _ = L Z X is the average of the last (n-t) observations.

n-t n-t {=t+1 i

The median of the posterior distribution is then the Bayes estimator of 1 ,
namely
(4.2) T(gn) = least positive integer t , such that

t
} IR B 55 y
1=0 e

In the following table we present the posterior probabilities (4.1) computed for
the values of four simulated samples. Each sample consists of n=20 normal variates
with means ei and variance 1 . In all cases 80-0 . Case I consists of a

sample with no change in the mean, 6=0 . Cases 1I-IV have a shift in the mean

at t=10 , and 6=.5, 1.0 and 2.0 . Furthermore, the prior probabilities of Tt are

= 33 =
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n(t) = p(l—-p)t_1 for t=1,...,n-1 and I(n) = (l-p)n-'1 ,» with p=.01 ; and the

prior variance of &8 1is 02-3 o

Table 4.1 Posterior Probabilities of {r=t}

t s 0 .5 1.0 2.0
1 0.002252 0.012063 0.003005 0.000000
2 0.004284 0.016045 0.002885 0.000000
3 0.004923 0.016150 0.002075 - 0.000000
4 0.006869 0.022634 0.002193 0.000000
5 0.006079 0.008002 0.002202 0.000001
6 0.004210 0.006261 0.002291 0.000050
7 0.004020 0.006735 0.001954 0.000026
8 0.002867 0.015830 0.001789 0.000015
9 0.003534 0.015914 0.001959 0.001087
10 0.002972 0.011537 0.002228 0.068996
11 0.003033 0.019014 0.002708 0.908434
12 0.003070 0.010335 0.002661 0.016125
13 0.003395 0.006026 0.002996 0.005237
14 0.003087 0.003201 0.003017 0.000009
15 0.004064 0.003461 0.003096 0.000011
16 0.003355 0.002709 0.002820 0.000009
17 0.004991 0.002899 0.003078 0.000000
18 0.009664 0.003486 0.004004 0.000000
19 0.007255 0.006106 0.012432 0.000000
20 0.916077 0.811593 0.940607 0.000000

We see in Table 4.1 that Bayes estimator for Cases I-III is ;-20 (no change),
while in Case IV it is ;-11 . That is, if the magnitude of change in the mean
is about twice the standard deviation of the random variables, the posterior
distribution is expected to have its median close to the true change point.

In many studies (for example, Smith [62]) the Bayesian model is based on
the assumption of equal prior probabilities of {t=t} . Such prior probabilities

yield in the above cases the following posterior probabilities.

= 24 =
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Table 4.2. Posterior Probabilities of {t=t} , for Equal Prior Probabilities

tsé 0 -] 1.0 2.0
1 0.023329 0.030693 0.019734 0.000001
2 0.020209 0.031206 0.037996 0.000006
3 0.024060 0.028078 0.125330 0.000035
4 0.023996 0.024921 0.081694 0.000149
5 0.023063 0.026290 0.083705 0.002859
6 0.022546 0.030888 0.111434 0.005653
7 0.022951 0.042321 0.079959 0.001071
8 0.029850 0.036347 0.059293 0.005238
9 0.043298 0.030515 0.026376 0.029615
10 0.043976 0.021933 0.069415 0.931462
11 0.052939 0.033107 0.020594 0.014332
12 0.059540 0.037187 0.034396 0.008651
13 0.065588 0.048819 0.033543 0.000431
14 0.037356 0.040960 0.052289 0.000457
15 0.060050 0.049399 0.043785 0.000037
16 0.055957 0.055566 0.048865 0.000004
17 0.049753 0.069433 0.022328 0.000000
18 0.050994 0.085113 0.034621 0.000000
19 0.156117 0.092993 0.012691 0.000000
20 0.134429 0.174230 0.001955 0.000000

-

As seen in Table 4.2, the Bayes estimator T when &6=2 is exactly at the true

point of change t=10 . On the other hand, when &=0 the estimate is ;-16 o
Smith derived formulae of the Bayes estimators for cases of sequences of

Bernoulli trials [62], and for switching linear regression problems [63].

Bayesian estimators for the location of the shift parameter for switching

regression problems are given also by Ferriera [19], Holbert and Broemeling [32],

Tsurumi [65] and others.

4.2 Maximum Likelihood Estimators

Let Xl,Xz,...,Xn be a sequence of independent random variables. As before,
assume that
xl,xz,...,xr = Fo(x)
and

XT+1,...,Xn = Fl(x) 0

o D5

ki
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where Fo(x) and Fl(x) are specified distributions. 1 1is the unknown point

of shift. The maximum likelihood estimator (MLE) of t dis

s

4.3) B o= least positive integer t

t=l,...,n , maximizing S » where
n,t

n n
! log £,(x) + ] log £,(x) , if t=1,...,n-1
(4.4) i=1 i=t+1
Sa,t =
5 |
! log £,(X,) , if t=n s

i=1

fo(x) and fl(x) are the p.d.f.'s corresponding to Fo(x) and Fl(x) . We

-~

present here the method of deriving the asymptotic distribution of T, » as

n and Tt + o , following the development of Hinkley [28].

Let Ui = log fO(xi) - log fl(xi) . i=1,2,...,n 5
t n I
Since Sn,t = 121 Ui +~izl log fl(xi) , it readily follows that T is the least
t
positive integer maximizing Vt = z Ui (t=1,...,n) . Consider the sequence
i=1

wt = Vt - VT » where 1 1is the true point of shift. For very large value

of t (t+=) consider the backward and forward sequences

k
W=1{0, -U, -U-U_,, ...,-jzo Uy s ooe)
and
; k
W &8 Uhgas oot Voags ==} .
+1 ? J=0 T+
=26 =
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Let M = sup {- z Ur—j} and M = sup { Z Ur+j} 5
O<kst =0 O<k<e =0
- .
and Yj = -UT‘j+1 5 Yj = UT+j 0 i=1,... . Thus,
] ' 1] 1]
W= {O,Yl,Y1+Y2,...} sy W = {O,Yl,Y1+Y2,...} .
~ '
Let T be the point at which Max{M,M } occurs. Notice that
~ '
{t=t}=M=M =0} 9
~ | '
(4.5) {t = 1+k} = {M >0 and M >M} .
~ L
{t = t-k} = {M>0 and M>M } c

Accordingly, since the sequences W and W

P{; = 1} = P[M=0]P[M'-0]

L k L
I =dof {k; M = [} Y.}
j 3

L
Thus, let Bk(x)dx = P{I=k, xsMsx+dx} and Bk(x)dx =

L
Furthermore, let a(x) and o (x) be the c.d.f. of

Then
#(t = ) = a(0)s (0)
(4.8) " T
P{t = t+k} -J B, (x)a(x)dx
' . and P{; = t-k} = S Bk(x)a'(x)dx

=727 =

are independent,

L L L
| (4.6) P{t = t+k} = P{M >0, M >M, I =k} .
. ~ L
and P{t = 1-k = P{M>0, M2M , I=k}
where
k
I =dinf {k; M= ) Yy}
-

L L
P{I =k, x<M <x+dx} .

]
M and M , respectively.
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5. Dynamic Control Procedures

There are numerous papers on dynamic control problems, all of which deal in
one way or another with the problem of shift at unknown time points. In particular
we mention here the papers of Girshick and Rubin [22], Bather [7,8] Lorden [43],
Yadin and Zacks [68], Shiryaev [60,61], and Zacks and Barzily [69].

We present first the Bayesian theory, followed by discussed of the CUSUM
procedure. Again, we consider a sequence of independent random variables
xl,x 50 00D

nhl’xm"" Let 1t be the point of shift, t =0,1,... . If Tt <1

2 ’

all the observations are from Fl(x) . If 1=t (t=2,3,...) then the first

t-1 observations are from Fo(x) and xt,x are from Fl(x) . Let fo(x)

T+’ °°
and fl(x) be the p.d.f. corresponding to Fo(x) and Fl(x) , respectively.
The random variables xl,xz,... are observed sequentially and we wish to apply
a stopping rule which will stop soon after the shift occurs, without too many
"false alarms'". The following objectives are considered in the selection of a

stopping variable N:

1) If n(tr) denotes the prior distribution of <t , then the prior risk
(5.1) R(T,N) = PH(N<T) + c Pn(Nzt) EH{N—TlNZT}

is minimized, with respect to all stopping rules.
2) To minimize EH{N—TINZT} subject to the constraint PH(N<1) <a,

O<a<l .

=l 9% e
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5.1 The Bayesian Procedures

The shift index, T ,'is considered a rancom variable, having a prior p:d.f.
n(t) , concentrated on the non-negative integers. Shiryaev [60] postulated the
following prior distribution
.H , 1f t=0
(5.2) n(e) =

\ (l-II)p(l-p)':-1 , 1f t=1,2,...

for O<f<l , O<p<l.. . (+(1-1)p) 1s the prior probability that the shift has
occurred before the first observation, and p is the prior probability of a shift
occurring between any two observations.

After observing xl,...,xn » the prior p.d.f. m(t) is converted to a

posterior probability function on {n,n+l,...} , namely,
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I y t=n
(5.3) Hn(t):

a-1) p-p)*t , tentl, ...

where Hn is the posterior probability that the shift took place before the n-th

T-465

observation. This posterior probability is given by Hn = l-qn » Where

a-m a-p* *
(5.4) q = = nf£,(X)) ,
n i=1
and
n
D = (n+(1—n)p)111l fl(xi) +
n-1 j 3 n
(5.5) A-mp ] (-p)’ 1 £,(X) N £(X) +
j=1 i=1 i'=§+1 ‘
n n
(1-m) (1-p)" 1 fO(xi) ‘ c

i=]1

Let R(Xi) = fl(xi)/fo(xi) , i=1,2,... then

@-m a-p**

n
R(Xn+l) [Dn-(l-n) (1-p) 1 + Bn+

1

where

By, = R(X_,;) (-1 ~p)" p + 1-1) (1-p)"*

But (1-T) (1-p)" = qD, . Hence,

=30 =
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q, (1-p)
(5.7 Qi = ’
n#l - R(X ) (1-q (1-p)) + q_ (1-p)
or
(M + (-1 )p) R(X .,y
Q9 Tors = ¥ (-1 )p) R(X ) + (-1) (1-p) '

n=20,1,... with HO = ] and q, = 1-T . Accordingly, the sequence of

posterior probabilities {Hn;nZO} is Markovian, i.e., the conditional distribution X

of I depends on the first n observations X

o+l Xn , only through IIn 5

127

This can lead immediately to the construction of recursive determination of the

i

distrubiton of any stopping variable depending only on IIn (see Zacks [71]).
Shiryaev [60] has shown that when FO and Fl are known, the optimal stopping X
variable, with respect to the above objectives, is to stop at the smallest n

* *
for which Hn 2A , forsome 0 <A <1.

Bather [7] has shown that for the constraint of bounding the expected number of

* -
false alarms by N, A = (N+1) . is the optimal stopping boundary.

When the distributions FO and Fl are not completely specified, the

above problem of finding optimal stopping variables becomes much more complicated.

[}

Zacks and Barzily [69] studied Bayes procedures for detecting shifts in the
probability of success, 6 , of Bernoulli trials, when the values 60 , before

the shift, and the value el after it, are unknown. The Bayesian model assumed

that eo and el have a uniform prior distribution over the simplex

{(60,01); 0<eosel<1} and the point of shift, <t , has the prior distribution (5.2.).
In this case, the posterior probability nn depends on the whole vector of

observations xl,...,xn » and not only on Hn—l and Xn . It is shown that this
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posterior probability is a function of Xn = (Xl""’xn) given by

(5.9)

S —

n-1
Hn (gn) = ] - (1-m) (1-p) B(‘l‘n +1,n- Tn + 2)/Dn(§n)
where B(p,q) 1is the beta-function;

‘1‘j = iil Xi and i

D(X) =BT +2,n-T +1)+ !

=]

n-1 i
(1-mp j[l (1-p)371 B(Téf; +,n-3- Téf§ O ;

(5.10)
T(n)

r.Ej<n-j-l
i=0 i /B(T +1,

S MG BT +1,n-T +2) B

=]
|

T + 2)

Here, Tﬁfg = ‘l‘n-‘l‘j (j=0,...,n) . The sequence {Hn(Xn); n21l} 1is not Markovian,

but is a submartingale. Zacks and Barzily considered the problem of determining

the optimal stopping rule under the following cost conditions:

After each observation we have the option to stop observations and declare that a
! shift has occurred. The process is then inspected. If the shift has not yet

occurred a penalty of 1 unit is imposed. If, on the other hand, the shift has

already occurred, a penalty of C units per delayed observation (or time unit)

is imposed. It is shown then that the optimal stopping variable is

(5.11)

No = Jeast n2l , such that 1T (X )2b (X)) .
n'~n’" n‘'~n

where the stopping boundary bn(Xn) is given implicitly, as the limit for

e I et St
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j+ e of

(5.12)
(3-1)
e S0 &

C+p 1] 1) 9

bgj)(gn) satn (1 -

*
with NI = p/(C+p) and the functions Msj)(xn) can be determined recursively,

according to the formula

(5.13) 4)
Mn (§n) = E{min (0, C nn+1(§n,xn+1)
, (j-1)
-p(1 - Hn+“§n’xn+1)) + Mn+1 (En’xn+1))|§n} 3

It is very difficult, if not impossible, to determine these functions explicitly,
for large values of j . The authors therefore considered a suboptimal procedure
based on béz)(xn) only. Numerical simulations illustrate the performance of

the suboptimal procedure.

5.2 Asymptotically Minimax Rules and The CUSUM Control

Lorden [42,43] considered the sequential detection procedure from a non-
Bayesian point of view and proved that the well known CUSUM procedures of Page
[47,48,49] are asymptotically minimax.

Let Xl’XZ"" be a sequence of independent random variables. The
distributions of Xl""’xnrl is Fo(x) and that of - Xm’xm+1""
The point of shift m is unknown, Fo(x) and Fl(x) are known. The family

is Fl(x) :

of probability measures is (Pm; m=1,2,...} , where Pm(gn) is the joint p.d.f.
of Xn = (Xl,...,Xn) ,» in which Xm is the first random variable with a c.d.f.

~

Fy (x) .

= A% o

e B

ol
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It is desired to devise a sequential procedure with a (possibly) extended
stopping variable, N , (i.e., lim Pm[N>n] >2d>0 , m=0,1,...) which minimizes
the largest possible expec:atio!:::f delayed action, and does not lead to too many
false alarms. More precisely, if PO(E) denotes the c.d.f. under the assumption

that all observations have FO(X) as a c.d.f. ; and if Em{.} denotes expectation

under Pm(.) , the objective is to minimize

(5.14)

El{N} = sup ess sup Em{(N-m-1)+lF }

P m1

subject to the constraint

* *
(5.15) Eg(N} 2y, 1<y < .

Em{'IFm_l} denotes the conditional expectation given the o-field generated by

(Xl,...,Xm_l) . It is proven by Lorden [43] that an asymptotically minimax

*
procedure, as y -» , is provided by Page's procedure, which is described below.
Let R(Xi) = fl(xi)/fo(xi) . i=1,2,... where fi(x) is the p.d.f.

corresponding to Fi(x) , 1=0,1 . Let

k
*
Sk = z log R(Xi) , k=1,2,... and Tn = Sn - min Sk . Then for vy = log y
i=1 k<n
(5.16)

*
N = jeast n2l such that TnZY p

is Page's (extended) stopping variable.

The statistic Tn can be computed recursively by the formula

(5.17)

+
Tn+l = ('1‘n + log R(Xn+l)) 1 0) o (SRS
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The above detection procedure can be considered as a sequence of one-sided Wald's
SPRT with boundaries (0,yY) . Whenever the Tn statistic hits the lower boundary,
0 , the SPRT is recycled, and all the previous observations can be discarded. On
the other hand, for the first time TnZY the sampling process is stopped. The
repeated cycles are independent and identically distributed. Thus, Wald's theory
of SPRT can be used to obtain the main results of the present theory.

Let a and B be the error probabilities in each such ;ndependent cycle of

Wald's SPRT ; i.e., a = POETBZY] and B = P1[Tn-0]. Let N, be the length

1
of a cycle. Accordingly,

(5.18) o1
EglN } = = EpiNy}
and
*} 1
El{N = '—1:8—- El{Nl} .

h .
Set y = —%— , then the constraint (5.15) is satisfied, since El{Nl}zl s

* - %
Moreover, Lorden proved that El{N } = El{N } . Finally, applying well known

[ results on the expected sample size in Wald's SPRT, we obtain

(5.19) P % Tow.a
El{N } ~'———TE——~— ,as a=>20 5
1
£,
where I, = E. {log —=—o— } is the Kullback-Leibler information for
1 1 fo(X)
discriminating between Fo and Fl 0

The right hand size of (5.19) was shown to be the asymptotically minimum expected

sample size. Thus, Page's procedure is asymptotically minimax.
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In [42] Lorden and Eisenberg applied the theory presented here to solve a problem
of life testing for a reliability system. It is assumed that the life length of
the system is distributed exponentially, with intensity (failure-rate) A . At
an unknown time point, 6 , the failure rate shifts from A to A(l+n) ,
0<nlsnsn2<m . Approximations to the formulae of EO{N*} and En{N*} are
given, assuming that A is known. By proper transformations of the statistics
the detection procedure can be applied also to cases of unknown A . It is
interestiug to present some of the numerical results of this study. For the case

of A=1 and o=1/0 the expected number of observations required is

n Y EO{N} E {N}
4 20 422 48
.6 50 676 36
.9 40 342 20

Page's CUSUM procedure is thus very conservative, relative to the Bayes procedures

which detect the shifts fast, but have also small EO{N} .

= 36 =
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